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ProbabilisGc	  Reasoning;	  
Graphical	  models	  

•  Graphical	  models:	  
–  Bayesian	  network,	  constraint	  networks,	  mixed	  network	  	  

•  Queries	  
•  Exact	  algorithm	  	  

–  using	  	  inference,	  	  
–  search	  and	  hybrids	  

•  Graph	  parameters:	  	  
–  tree-‐width,	  cycle-‐cutset,	  w-‐cutset	  



Queries	  	  

•  Probability	  of	  evidence	  (or	  par66on	  func6on)	  
	  	  
	  
•  Posterior	  marginal	  (beliefs):	  

	  
•  Most	  Probable	  Explana6on	  
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ApproximaGon	  

•  Since	  inference,	  search	  and	  hybrids	  are	  	  too	  expensive	  when	  
graph	  is	  dense;	  (high	  treewidth)	  then:	  

	  	  	  
•  Bounding	  inference:	  (week	  8)	  

•  mini-‐bucket	  and	  mini-‐clustering	  
•  Belief	  propagaGon	  

•  Bounding	  search:	  (week	  7)	  
• Sampling	  

•  Goal:	  an	  anyGme	  scheme	  
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Outline	  

•  DefiniGons	  and	  Background	  on	  StaGsGcs	  
•  Theory	  of	  importance	  sampling	  
•  Likelihood	  weighGng	  
•  State-‐of-‐the-‐art	  importance	  sampling	  
techniques	  
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A	  sample	  
•  Given	  a	  set	  of	  variables	  X={X1,...,Xn},	  a	  sample,	  
denoted	  by	  St	  is	  an	  instanGaGon	  of	  all	  
variables:	  
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How	  to	  draw	  a	  sample	  ?	  
Univariate	  distribuGon	  

•  Example:	  Given	  random	  variable	  X	  having	  
domain	  {0,	  1}	  and	  a	  distribuGon	  P(X)	  =	  (0.3,	  
0.7).	  	  

•  Task:	  Generate	  samples	  of	  X	  from	  P.	  
•  How?	  

– draw	  random	  number	  r	  ∈	  [0,	  1]	  
–  If	  (r	  <	  0.3)	  then	  set	  X=0	  
– Else	  set	  X=1	  

12	  



How	  to	  draw	  a	  sample?	  
MulG-‐variate	  distribuGon	  

•  Let	  X={X1,..,Xn}	  be	  a	  set	  of	  variables	  
•  Express	  the	  distribuGon	  in	  product	  form	  

•  Sample	  variables	  one	  by	  one	  from	  lej	  to	  right,	  
along	  the	  ordering	  dictated	  by	  the	  product	  
form.	  

•  Bayesian	  network	  literature:	  Logic	  sampling	  
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Sampling	  for	  Prob.	  Inference	  
Outline	  

•  Logic	  Sampling	  
•  Importance	  Sampling	  

– Likelihood	  Sampling	  
– Choosing	  a	  Proposal	  DistribuGon	  

•  Markov	  Chain	  Monte	  Carlo	  (MCMC)	  
– Metropolis-‐HasGngs	  
– Gibbs	  sampling	  

•  Variance	  ReducGon	  



Logic Sampling:  
No Evidence (Henrion 1988) 

Input:	  Bayesian	  network	  
	  X=	  {X1,…,XN},	  N-‐	  #nodes,	  T	  -‐	  #	  samples	  

Output:	  T	  samples	  	  
Process nodes in topological order – first process the 

ancestors of a node, then the node itself: 
1.  For	  t	  =	  0	  to	  T	  
2.  	  	  	  	  For	  i	  =	  0	  to	  N	  
3.  	  	  	  	   	  Xi	  ←	  sample	  xit	  from	  P(xi	  |	  pai)	  
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Logic	  sampling	  (example)	  
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Logic Sampling w/ Evidence 
Input:	  Bayesian	  network	  

	  X=	  {X1,…,XN},	  N-‐	  #nodes	  
	  E	  –	  evidence,	  T	  -‐	  #	  samples	  

Output:	  T	  samples	  consistent	  with	  E	  
1.  For	  t=1	  to	  T	  
2.  	  	  	  For	  i=1	  to	  N	  
3.  	  	  	  	  	  	  	  Xi	  ←	  sample	  xit	  from	  P(xi	  |	  pai)	  
4.  	  	  	  	  	  	  	  If	  Xi	  in	  E	  and	  Xi	  ≠	  xi,	  reject	  sample:	  
5.  	  	  	  	  	  	  	  	  	  	  	  	  Goto	  Step	  1.	  
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Logic	  Sampling	  (example)	  
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Expected value: Given a probability distribution P(X) 
and a function g(X) defined over a set of variables X = 
{X1, X2, … Xn}, the expected value of g w.r.t. P is 
 
 
 
 
Variance: The variance of g w.r.t. P is: 
 

Expected	  value	  and	  Variance	  
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Monte	  Carlo	  EsGmate	  

•  Es6mator:	  	  
– An	  esGmator	  is	  a	  funcGon	  of	  the	  samples.	  
–  It	  produces	  an	  esGmate	  of	  the	  unknown	  
parameter	  of	  the	  sampling	  distribu(on.	  
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Example:	  Monte	  Carlo	  esGmate	  
•  Given:	  	  

– A	  distribuGon	  P(X)	  =	  (0.3,	  0.7).	  
–  g(X)	  =	  40	  if	  X	  equals	  0	  	  	  
	  	  	  	  	  	  	  	  	  	  	  =	  50	  if	  X	  equals	  1.	  

•  EsGmate	  EP[g(x)]=(40x0.3+50x0.7)=47.	  
•  Generate	  k	  samples	  from	  P:	  0,1,1,1,0,1,1,0,1,0	  

22	  

46
10

650440    

150040

=
×+×

=

=×+=×
=

samples
XsamplesXsamplesg

#
)(#)(#ˆ



Outline	  

•  DefiniGons	  and	  Background	  on	  StaGsGcs	  
•  Theory	  of	  importance	  sampling	  
•  Likelihood	  weighGng	  
•  State-‐of-‐the-‐art	  importance	  sampling	  
techniques	  
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Importance	  sampling:	  Main	  idea	  

	  
•  Express	  query	  as	  the	  expected	  value	  of	  a	  
random	  variable	  w.r.t.	  to	  a	  distribuGon	  Q.	  

•  Generate	  random	  samples	  from	  Q.	  
•  EsGmate	  the	  expected	  value	  from	  the	  
generated	  samples	  using	  a	  monte	  carlo	  
esGmator	  (average).	  
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Importance	  sampling	  for	  P(e)	  
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ProperGes	  of	  IS	  esGmate	  of	  P(e)	  	  
•  Convergence:	  by	  law	  of	  large	  numbers	  
	  
•  Unbiased.	  

•  Variance:	  
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ProperGes	  of	  IS	  esGmate	  of	  P(e)	  
•  Mean	  Squared	  Error	  of	  the	  esGmator	  
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This	  quanGty	  enclosed	  in	  the	  brackets	  is	  
zero	  because	  the	  expected	  value	  of	  the	  

esGmator	  equals	  the	  expected	  value	  of	  g(x)	  



EsGmaGng	  P(Xi|e)	  
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ProperGes	  of	  the	  IS	  esGmator	  for	  P(Xi|
e)	  

•  Convergence:	  By	  Weak	  law	  of	  large	  numbers	  

•  AsymptoGcally	  unbiased	  

•  Variance	  
– Harder	  to	  analyze	  
– Liu	  suggests	  a	  measure	  called	  “EffecGve	  sample	  
size”	  
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GeneraGng	  samples	  from	  Q	  

•  No	  restricGons	  on	  “how	  to”	  
•  Typically,	  express	  Q	  in	  product	  form:	  

– Q(Z)=Q(Z1)xQ(Z2|Z1)x….xQ(Zn|Z1,..Zn-‐1)	  
•  Sample	  along	  the	  order	  Z1,..,Zn	  
•  Example:	  

– Z1ßQ(Z1)=(0.2,0.8)	  
– Z2ß	  Q(Z2|Z1)=(0.1,0.9,0.2,0.8)	  
– Z3ß	  Q(Z3|Z1,Z2)=Q(Z3)=(0.5,0.5)	  



Outline	  

•  DefiniGons	  and	  Background	  on	  StaGsGcs	  
•  Theory	  of	  importance	  sampling	  
•  Likelihood	  weigh6ng	  
•  State-‐of-‐the-‐art	  importance	  sampling	  
techniques	  
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Likelihood	  WeighGng	  
(Fung	  and	  Chang,	  1990;	  Shachter	  and	  Peot,	  1990)	  

34	  

Works well  for likely evidence! 

“Clamping”	  evidence+	  
logic	  sampling+	  
	  weighing	  samples	  by	  evidence	  likelihood	  

Is	  an	  instance	  of	  importance	  sampling!	  



Likelihood	  WeighGng:	  Sampling	  
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Sample	  in	  topological	  order	  over	  X	  !	  

Clamp	  evidence,	  Sample	  xi	  ←P(Xi|pai),	  P(Xi|pai)	  is	  a	  
look-‐up	  in	  CPT!	  



Likelihood	  WeighGng:	  Proposal	  DistribuGon	  	  
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NoGce:	  Q	  is	  another	  Bayesian	  network	  



Likelihood	  WeighGng:	  EsGmates	  	  
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Likelihood	  WeighGng	  

•  Converges	  to	  exact	  posterior	  marginals	  
•  Generates	  Samples	  Fast	  	  
•  Sampling	  distribuGon	  is	  close	  to	  prior	  
(especially	  if	  E	  ⊂	  Leaf	  Nodes)	  

•  Increasing	  sampling	  variance	  
⇒Convergence	  may	  be	  slow	  
⇒Many	  samples	  with	  P(x(t))=0	  rejected	  
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Outline	  

•  DefiniGons	  and	  Background	  on	  StaGsGcs	  
•  Theory	  of	  importance	  sampling	  
•  Likelihood	  weighGng	  
•  Error	  es6ma6on	  
•  State-‐of-‐the-‐art	  importance	  sampling	  
techniques	  
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Outline	  

•  DefiniGons	  and	  Background	  on	  StaGsGcs	  
•  Theory	  of	  importance	  sampling	  
•  Likelihood	  weighGng	  
•  State-‐of-‐the-‐art	  importance	  sampling	  
techniques	  
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Proposal	  selecGon	  
•  One	  should	  try	  to	  select	  a	  proposal	  that	  is	  as	  
close	  as	  possible	  to	  the	  posterior	  distribuGon.	  
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Perfect	  sampling	  using	  Bucket	  
EliminaGon	  

•  Algorithm:	  
– Run	  Bucket	  eliminaGon	  on	  the	  problem	  along	  an	  
ordering	  o=(XN,..,X1).	  

– Sample	  along	  the	  reverse	  ordering:	  (X1,..,XN)	  
– At	  each	  variable	  Xi,	  recover	  the	  probability	  P(Xi|
x1,...,xi-‐1)	  by	  referring	  to	  the	  bucket.	  
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Bucket	  EliminaGon	  	  
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	  Bucket	  eliminaGon	  (BE)	  	  
	  Algorithm	  elim-‐bel	  (Dechter	  1996)	  

∑∏
b

EliminaGon	  operator	  

P(e) 

bucket  B:  

 P(a) 

  P(C|A) 

P(B|A)   P(D|B,A)   P(e|B,C) 

bucket  C:  

bucket  D:  

bucket  E:  

bucket  A:  

B 

C 

D 

E 

A 

e)(A,hD

(a)hE

e)C,D,(A,hB

e)D,(A,hC
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	  Sampling	  from	  the	  output	  of	  BE	  
	  (Dechter	  2002)	  

bucket  B:  

 P(A) 

  P(C|A) 

P(B|A)   P(D|B,A)   P(e|B,C) 

bucket  C:  

bucket  D:  

bucket  E:  

bucket  A:  

e)(A,hD

(A)hE

e)C,D,(A,hB

e)D,(A,hC

Q(A)aA:
(A)hP(A)Q(A) E

←=

×∝

Sample

ignore :bucket Evidence

e)D,(a,he)a,|Q(Dd D :Sample
bucket in the aASet 

C∝←=

=

e)C,d,(a,h)|(d)e,a,|Q(C cC :Sample
bucket  thein dDa,ASet 

B⋅∝←=

==

ACP

),|(),|()|(d)e,a,|Q(Bb  B:Sample
bucket  thein cCd,Da,ASet 

cbePaBdPaBP∝←=

===



Mini-‐buckets:	  “local	  inference”	  

•  ComputaGon	  in	  a	  bucket	  is	  Gme	  and	  space	  
exponenGal	  in	  the	  number	  of	  variables	  
involved	  

•  Therefore,	  parGGon	  funcGons	  in	  a	  bucket	  	  	  
into	  “mini-‐buckets”	  on	  smaller	  number	  of	  
variables	  

•  Can	  control	  the	  size	  of	  each	  “mini-‐bucket”,	  
yielding	  polynomial	  complexity.	  
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Mini-‐Bucket	  EliminaGon	  

bucket A: 

bucket E: 

bucket D: 

bucket C: 

bucket B: 

ΣBΠ 

P(B|A) P(D|B,A) 

hE(A) 

hB(A,D) 

P(e|B,C) 

Mini-buckets 

ΣBΠ 

P(C|A) hB(C,e) 

hD(A) 

hC(A,e) 

Approximation of P(e) 

Space	  and	  Time	  constraints:	  
Maximum	  scope	  size	  of	  the	  new	  
func6on	  generated	  should	  be	  
bounded	  by	  2	  

BE	  generates	  a	  func6on	  having	  scope	  
size	  3.	  So	  it	  cannot	  be	  used.	  

P(A) 
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Sampling	  from	  the	  output	  of	  MBE	  

bucket A: 

bucket E: 

bucket D: 

bucket C: 

bucket B: P(B|A) P(D|B,A) 

hE(A) 

hB(A,D) 

P(e|B,C) 

P(C|A) hB(C,e) 

hD(A) 

hC(A,e) Sampling	  is	  same	  as	  in	  BE-‐sampling	  
except	  that	  now	  we	  construct	  Q	  
from	  a	  randomly	  selected	  “mini-‐
bucket”	  



IJGP-‐Sampling	  	  
(Gogate	  and	  Dechter,	  2005)	  

•  IteraGve	  Join	  Graph	  PropagaGon	  (IJGP)	  
– A	  Generalized	  Belief	  PropagaGon	  scheme	  (Yedidia	  
et	  al.,	  2002)	  

•  IJGP	  yields	  be{er	  approximaGons	  of	  P(X|E)	  
than	  MBE	  
–  (Dechter,	  Kask	  and	  Mateescu,	  2002)	  

•  Output	  of	  IJGP	  is	  same	  as	  mini-‐bucket	  
“clusters”	  

•  Currently	  the	  best	  performing	  IS	  scheme!	  



Current	  Research	  quesGon	  
•  Given	  a	  Bayesian	  network	  with	  evidence	  or	  a	  
Markov	  network	  represenGng	  funcGon	  P,	  
generate	  another	  Bayesian	  network	  represenGng	  
a	  funcGon	  Q	  (from	  a	  family	  of	  distribuGons,	  
restricted	  by	  structure)	  such	  that	  Q	  is	  closest	  to	  
P.	  

•  Current	  approaches	  
– Mini-‐buckets	  
–  Ijgp	  
–  Both	  

•  Experimented,	  but	  need	  to	  be	  jusGfied	  
theoreGcally.	  



Algorithm:	  Approximate	  Sampling	  

1)  Run	  IJGP	  or	  MBE	  
2)  At	  each	  branch	  point	  compute	  the	  edge	  

probabiliGes	  by	  consulGng	  output	  of	  IJGP	  or	  
MBE	  

•  RejecGon	  Problem:	  
– Some	  assignments	  generated	  are	  non	  soluGons	  
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AdapGve	  Importance	  Sampling	  

•  General	  case	  
•  Given	  k	  proposal	  distribuGons	  
•  Take	  N	  samples	  out	  of	  each	  distribuGon	  
•  Approximate	  P(e)	  	  
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∑
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j
proposaljthweightAvg

k
eP
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Overview	  

1.  ProbabilisGc	  Reasoning/Graphical	  models	  
2.  Importance	  Sampling	  
3.  Markov	  Chain	  Monte	  Carlo:	  Gibbs	  Sampling	  
4.  Sampling	  in	  presence	  of	  Determinism	  	  
5.  Rao-‐BlackwellisaGon	  
6.  AND/OR	  importance	  sampling	  


