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Probabilistic Inference 
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Generating the MPE-tuple
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Bucket Elimination 
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Approximate Inference
 Metrics of evaluation
 Absolute error: given e>0 and a query 

p= P(x|e), an estimate r has absolute 
error e iff |p-r|<e

 Relative error:  the ratio r/p in [1-e,1+e].
 Dagum and Luby 1993: approximation up 

to a relative error is NP-hard.
 Absolute error is also NP-hard if error is 

less than .5
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Mini-buckets: “local 
inference”

 Computation in a bucket is time and space
   exponential in the number of variables involved

 Therefore, partition functions in a bucket 
   into “mini-buckets” on smaller number of variables
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Mini-bucket approximation:
             MPE task

Split a bucket into mini-buckets =>bound complexity

XX gh ≤
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Mini-Bucket Elimination
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Semantics of Mini-Bucket: 
Splitting a Node

U U
Û

Before Splitting:
Network N

After Splitting:
Network N'

Variables in different buckets are renamed and duplicated 
(Kask et. al., 2001), (Geffner et. al., 2007), (Choi, Chavira, Darwiche , 2007)
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Approx-mpe(i)
 Input: i – max number of variables allowed in a mini-bucket
 Output: [lower bound (P of a sub-optimal solution), upper bound]
 

      Example: approx-mpe(3) versus elim-mpe 

2* =w 4* =w



(i,m) patitionings

12
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MBE(i,m), (MBE(i) ,  approx-mpe)

 Input: Belief network (P1,…Pn)
 Output: upper and lower bounds
 Initialize: (put functions in buckets)
 Process each bucket from p=n to 1

 Create (i,m)-mini-buckets
 Process each mini-bucket

 (For mpe): assign values in ordering d
 Return: mpe-tuple, upper and lower 

bounds



14



Partitioning refinements

15
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Properties of approx-mpe(i)
 Complexity:  O(exp(i))  time  and O(exp(i)) space.

 Accuracy: determined by upper/lower (U/L) bound.

 As i increases, both accuracy and complexity increase.

 Possible use of mini-bucket approximations:
 As anytime algorithms (Dechter and Rish, 1997)
 As heuristics in best-first search (Kask and Dechter, 

1999)
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Anytime Approximation
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Bounded Inference for Belief 
Updating
for probability of evidence

 Idea mini-bucket is the same:

 So we can apply a sum in each mini-bucket, or better, one 
sum and the rest max, or min (for lower-bound)

 MBE-bel-max(i,m), MBE-bel-min(i,m) generating upper and 
lower-bound on beliefs approximates BE-bel

 MBE-map(i,m): max buckets will be maximized, sum buckets 
will be sum-max. Approximates BE-map.
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Empirical Evaluation
(Dechter and Rish, 1997; Rish thesis, 1999)

 Randomly generated networks
 Uniform random probabilities
 Random noisy-OR

 CPCS networks
 Probabilistic decoding

Comparing MBE-mpe and anytime-mpe 
               versus BE-mpe
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Methodology for Empirical 
Evaluation (for mpe)
 U/L –accuracy
 Better (U/mpe) or mpe/L
 Benchmarks: Random networks

 Given n,e,v generate a random DAG
 For xi and parents generate table from uniform [0,1], 

or noisy-or
 Create k instances. For each, generate random 

evidence, likely evidence
 Measure averages
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Anytime-mpe(0.0001)  
   U/L error vs time 

Time and parameter i 

1 10 100 1000 

U
p
p

e
r/

L
o

w
e

r 

0.6 

1.0 

1.4 

1.8 

2.2 

2.6 

3.0 

3.4 

3.8 
cpcs422b 
cpcs360b 

i=1 i=21 

CPCS networks – medical 
diagnosis
(noisy-OR model)

Test case:  no evidence

  505.2    70.3anytime-mpe(  ), 
  110.5    70.3anytime-mpe(  ), 

1697.6  115.8elim-mpe
cpcs422 cpcs360  Algorithm

Time (sec)

ε 410−=ε
ε 110−=ε



23

log(U/L) 
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The effect of evidence

More likely evidence=>higher MPE => higher accuracy 
(why?)

Likely evidence versus random (unlikely) evidence



MBE-map
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Process  max buckets
With max mini-buckets
And sum buckets with sum
Mini-bucket and max
 mini-buckets
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Probabilistic decoding
Error-correcting linear block code

                          State-of-the-art: 
approximate algorithm – iterative belief propagation (IBP)
   (Pearl’s poly-tree algorithm applied to loopy networks)
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Initial 
partitioning
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Complexity and 
tractability of MBE(i,m)

28
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Belief propagation is easy on 
polytree: Pearl’s  Belief Propagation

1Z 2Z 3Z

1U 2U 3U

1X

1Y

)|(

)(

11

11

uzP

uZ =λ
)( 22

uZλ )( 33
uZλ

A polytree: a tree with
Larger families

A polytree decomposition

P(z1|u1) P(z2|u2) P(z3|u3)

P(u3)P(u1) P(u2)

P(X1|,u1,1,u2,u3)

P(y1|x1)

Running CTE = running Pearl’s BP over the dual graph
Dual-graph: nodes are cpts, arcs connect non-empty
 intersections.
BP is Time and space linear 
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Iterative Belief 
Proapagation

 Belief propagation is exact for poly-trees
 IBP - applying BP iteratively to cyclic 

networks

 No guarantees for convergence
 Works well for many coding networks

)( 11
uXλ

1U 2U 3U

2X1X

)( 12
xUπ

)( 12
uXλ

)( 13
xUπ

) BEL(U
 update  
:step One

1
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MBE-mpe vs. IBP
codes *w-low onbetter  is mpe-approx

codes w*)-(high generatedrandomly  onbetter  is IBP

Bit error rate (BER) as a function of noise (sigma):
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Mini-buckets: summary
 Mini-buckets – local inference approximation

 Idea: bound size of recorded functions

 Approx-mpe(i) - mini-bucket algorithm for MPE
 Better results for noisy-OR than for random 

problems
 Accuracy increases with decreasing noise in 

coding 
 Accuracy increases for likely evidence
 Sparser graphs -> higher accuracy
 Coding networks: approx-mpe outperfroms IBP on 

low-induced width codes
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Cluster Tree Elimination - 
properties
 Correctness and completeness: Algorithm CTE is 

correct, i.e. it computes the exact joint probability of a 
single variable and the evidence.

 Time complexity: O ( deg × (n+N) × d w*+1 )

 Space complexity: O ( N × d sep)
where deg = the maximum degree of a node
n = number of variables (= number of CPTs)
N = number of nodes in the tree decomposition
d = the maximum domain size of a variable
w* = the induced width
sep = the separator size
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Cluster Tree Elimination - 
the messages
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Mini-Clustering for belief 
updating
 Motivation:

 Time and space complexity of Cluster Tree Elimination depend on the 
induced width w* of the problem

 When the induced width w* is big, CTE algorithm becomes infeasible

 The basic idea:
 Try to reduce the size of the cluster (the exponent); 

partition each cluster into mini-clusters with less variables
 Accuracy parameter i = maximum number of variables in a mini-cluster
 The idea was explored for variable elimination (Mini-Bucket) 
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Idea of Mini-Clustering

Split a cluster into mini-clusters   =>   bound complexity
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Mini-Clustering - MC
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Cluster Tree Elimination vs. 
Mini-Clustering
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Semantic of node 
duplication
for mini-clustering
 We can have a different duplication of nodes going up 

and down. Example: going down.

40
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Split a cluster into mini-clusters   =>   bound complexity
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Mini-Clustering, i-bound=3
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Mini-Clustering

 Correctness and completeness: Algorithm 
MC(i) computes a bound (or an approximation) 
on the joint probability P(Xi,e) of each variable 
and each of its values.

 Time & space complexity: O(n × hw* × d i)

where hw* = maxu | {f | f ∩ χ(u) ≠ φ} |
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We can replace max operator by 

 min => lower bound on the joint

 mean => approximation of the 
joint

Lower bounds and mean 
approximations
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 MC can compute an (upper) bound               on the joint 
P(Xi,e)

 Deriving a bound on the conditional P(Xi|e) is not easy when 
the exact P(e) is not available

 If a lower bound           would be available, we could use:

as an upper bound on the posterior

 In our experiments we normalized the results and regarded 
them as approximations of the posterior P(Xi|e)

),( eXP i

)(eP

)(/),( ePeXP i

Normalization
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Experimental results

 Algorithms:
 Exact
 IBP
 Gibbs sampling (GS)
 MC with normalization 

(approximate)

 Networks (all variables are 
binary):

 Coding networks
 CPCS 54, 360, 422
 Grid networks (MxM)
 Random noisy-OR networks
 Random networks

 Measures:
 Normalized Hamming 

Distance (NHD)
 BER (Bit Error Rate) 
 Absolute error
 Relative error
 Time
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Random networks - 
Absolute error
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Noisy-OR networks - 
Absolute error

Noisy-OR networks, N=50, P=3, evid=10, w*=16, 25 instances
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Grid 15x15 - 10 evidence
Grid 15x15, evid=10, w*=22, 10 instances
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CPCS422 - Absolute error
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Coding networks - Bit Error 
Rate
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Mini-Clustering summary

 MC extends the partition based approximation 
from mini-buckets to general tree decompositions 
for the problem of belief updating

 Empirical evaluation demonstrates its 
effectiveness and superiority (for certain types of 
problems, with respect to the measures 
considered) relative to other existing algorithms



Heuristic for partitioning
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Scope-based Partitioning Heuristic. The scope-based 
partition heuristic (SCP) aims at minimizing the number of 
mini-buckets in the partition by including in each minibucket 
as many functions as possible as long as the i bound is 
satisfied. First, single
function mini-buckets are decreasingly ordered according to 
their arity. Then, each minibucket is absorbed into the left-
most mini-bucket with whom it can be merged. 

The time and space complexity of Partition(B, i) , where B  is 
the partitioned bucket, using the SCP heuristic is O(|B| log (|
B|) + |B|^2) and O(exp(i)), respectively. 

The scope-based
heuristic is is quite fast, its shortcoming is that it does not 
consider the actual information in the functions.



Content-based heuristics 
(Rollon and Dechter 2010)

55

Use greedy heuristic derived from a distance function to decide 
which functions go into a single mini-bucket



Iterative Join Graph 
Propagation
 Loopy Belief Propagation

 Cyclic graphs
 Iterative 
 Converges fast in practice (no guarantees though)
 Very good approximations (e.g., turbo decoding, LDPC codes, 

SAT – survey propagation)

 Mini-Clustering(i)
 Tree decompositions
 Only two sets of messages (inward, outward)
 Anytime behavior – can improve with more time by increasing 

the i-bound

 We want to combine:
 Iterative virtues of Loopy BP
 Anytime behavior of Mini-Clustering(i)
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IJGP - The basic idea
 Apply Cluster Tree Elimination to any join-

graph 

 We commit to graphs that are I-maps

 Avoid cycles as long as I-mapness is not 
violated

 Result: use minimal arc-labeled join-graphs



Minimal arc-labeled join-
graph
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IJGP - Example
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Arc-Minimal Join-Graph
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Arcs labeled with 
any single 
variable should 
form a TREE
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Join-Graphs
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Message propagation
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Bounded decompositions
 We want arc-labeled decompositions such 

that:
 the cluster size (internal width) is bounded by i (the 

accuracy parameter)
 the width of the decomposition as a graph (external 

width) is as small as possible

 Possible approaches to build decompositions:
 partition-based algorithms - inspired by the mini-

bucket decomposition
 grouping-based algorithms



Constructing Join-Graphs

a) schematic mini-bucket(i), i=3   b) arc-labeled join-graph 
decomposition
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IJGP properties
 IJGP(i) applies BP to  min arc-labeled join-graph, 

whose cluster size is bounded by i

 On join-trees  IJGP finds exact beliefs

 IJGP is a Generalized Belief Propagation 
algorithm (Yedidia, Freeman, Weiss 2001)

 Complexity of one iteration:
 time:  O(deg•(n+N) •d i+1)
 space:  O(N•dθ) 
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Empirical evaluation

 Algorithms:
 Exact
 IBP
 MC
 IJGP

 Measures:
 Absolute error
 Relative error
 Kulbach-Leibler (KL) distance
 Bit Error Rate
 Time

 Networks (all variables are binary):
 Random networks
 Grid networks (MxM)
 CPCS 54, 360, 422
 Coding networks
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Coding networks - BER
Coding, N=400, 500 instances, 30 it, w*=43, sigma=.32
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CPCS 422, evid=0, w*=23, 1instance
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CPCS 422 – KL Distance
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CPCS 422 – KL vs. 
Iterations

CPCS 422, evid=0, w*=23, 1instance

number of iterations
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Coding networks - Time
Coding, N=400, 500 instances, 30 iterations, w*=43

i-bound

0 2 4 6 8 10 12

T
im

e 
(s

ec
on

ds
)

0

2

4

6

8

10

IJGP 30 iterations
MC
IBP 30 iterations



More On the Power of Belief 
Propagation

 BP as local minima of KL distance
 BP’s power from constraint propagation 

perspective.
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More On the Power of Belief 
Propagation

 BP as local minima of KL distance
 BP’s power from constraint propagation 

perspective.
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Summary of IJGP so far



More On the Power of Belief 
Propagation

 BP as local minima of KL distance
 BP’s power from constraint 

propagation perspective.
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Inference Power of Loopy 
BP

 Comparison with iterative algorithms 
in constraint networks

 Zero-beliefs           inconsistent 
assignments

 ε-small beliefs – experimental study

⇔
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Map coloring
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Arc-consistency

 Sound 

 Incomplete 

 Always converges
(polynomial)
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Relational Distributed Arc-
Consistency 

Primal Dual

AB

AD

AB

1 2

2 3

AD

1 2

2 3

A

AB   AD

1 2 1 2

2 3 2 3

A B

CD

3

2

1

A

3

2

1

B

3

2

1

D

3

2

1

C

A < 
B

1 2

2 3
A < D

1 2

2 3

D < C

1 2

2 3

B = 
C

1 1

2 2

3 3

DC

BC

D

C

B

AB   BC

1 2 2 2

2 3 3 3

BC

1 1

2 2

3 3

DC

1 2

2 3

BC   DC

2 2 1 2

3 3 2 3

AD   DC

1 2 2 3

94



A

AB AC

ABD BCF

DFG

B

4 5

3

6

2

B

D F

A

A

A

C

1

A P(A)
1 .2
2 .5
3 .3
… 0

A B P(B|A)
1 2 .3
1 3 .7
2 1 .4
2 3 .6
3 1 .1
3 2 .9
… … 0

A B D P(D|A,B)
1 2 3 1
1 3 2 1
2 1 3 1
2 3 1 1
3 1 2 1
3 2 1 1
… … … 0

D F G P(G|D,F)
1 2 3 1
2 1 3 1
… … … 0

B C F P(F|B,C)
1 2 3 1
3 2 1 1
… … … 0

A C P(C|A)
1 2 1
3 2 1
… … 0

A
1
2
3

A B
1 2
1 3
2 1
2 3
3 1
3 2

A B D
1 2 3
1 3 2
2 1 3
2 3 1
3 1 2
3 2 1

D F G
1 2 3
2 1 3

B C F
1 2 3
3 2 1

A C
1 2
3 2A

AB AC

ABD BCF

DFG

B

4 5

3

6

2

B

D F

A

A

A

C

1

Belief network Flat constraint network

Flattening the Bayesian 
Network

95



IBP – inference power for zero beliefs

 Theorem:  
Trace of zero beliefs of Iterative Belief Propagation  =
Trace of invalid tuples of arc-consistency on flat network  

 Soundness:  
 The inference of zero beliefs by IBP converges in a finite number of 

iterations
 all the inferred zero beliefs are correct

 Incompleteness:   
 IBP may not infer all the true zero beliefs 96



Zero and ε-Small Beliefs

# of
tuples

true
zeros

LBP
zeros

# of
tuples

true
ε-small

LBP
ε-small

Zero beliefs ε-small beliefs
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Coding Networks

N=200, 1000 instances, treewidth=15
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10x10 Grids

N=100, 100 instances, w*=15
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Random Networks

N=80, 100 instances, w*=15
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CPCS 54, CPCS360

CPCS360: 5 instances, w*=20 CPCS54: 100 instances, w*=15
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IJGP on UAI06 problems
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IJGP on Set Relational
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Using Mini-bucket 
approximation in search

104
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Mini-Bucket can be used to 
guide more than one solution

bucket A:

bucket E:

bucket D:

bucket C:

bucket B:

minBΣ

F(a,b)

F(a,d)

hE(a)

hB(a,c)

hB(d,e)

F(b,d) F(b,e)

F(c,e) F(a,c)

hC(e,a)

L = lower bound 

Mini-buckets

A

B C

D E

F(b,c)

e = 0 hD(e,a)

minBΣ
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Basic Heuristic Search 
Schemes

Heuristic function f(xp) computes a lower bound on the 
best 

extension of xp and can be used to guide a heuristic 
search algorithm. We focus on: 

1. Branch-and-Bound
Use heuristic function f(xp) to 
prune the depth-first search 
tree
Linear space (or more)

2. Best-First Search
Always expand the node 
with the highest heuristic 
value f(xp)
Needs lots of memory

f ≤  L

L
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Heuristic search
 Mini-buckets record upper-bound heuristics
 The evaluation function over

 Best-first: expand a node with maximal evaluation function
 Branch and Bound: prune if f <= upper bound
 Properties: 

 an exact algorithm
 Better heuristics lead to more pruning
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Heuristic Function

Given a cost function
P(a,b,c,d,e) = P(a) • P(b|a) • P(c|a) • P(e|b,c) • P(d|b,a) 

Define an evaluation function over a partial assignment as the
probability of it’s best extension

f*(a,e,d) = maxb,c P(a,b,c,d,e) =
    = P(a) • maxb,c P(b|a) • P(c|a) • P(e|b,c) • P(d|a,b)

     = g(a,e,d) • H*(a,e,d)

E

E

D
A

D

B

D

D

B
0

1

1

0

1

0
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MBE Heuristics
 Given a partial assignment xp, estimate the cost of the 

best extension to a full solution
 The evaluation function f(xp) can be computed using 

function recorded by the Mini-Bucket scheme

B: F(E,B,C) F(D,A,B) F(B,A)

A:

E:

D:

C: F(C,A) hB(E,C)

hB(D,A)

hC(E,A)

F(A) hE(A) hD(A)

f(a,e,D) = F(a) + hB(D,a) + hC(e,a)

g h – is admissible

A

B C

D

E

Cost Network

E

E

D
A

D

B
D

B

0

1

1

0

1

0

f(a,e,D))=g(a,e) + H(a,e,D )
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Properties

 Heuristic is consistent/monotone
 Heuristic is admissible
 Heuristic is computed in linear time
 IMPORTANT:

 Mini-buckets generate heuristics of varying 
strength using control parameter – bound i

 Higher bound  -> more preprocessing -> 
    stronger heuristics -> less search
 Allows controlled trade-off between 

preprocessing and search
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Classic  Branch-and-Bound

nn

g(n)

h(n) estimates
Optimal cost below n

LB(n) = g(n) + h(n)

Lower Bound LB

OR Search Tree

Prune if LB(n) ≥ UB

Upper Bound UB
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Empirical Evaluation 
of mini-bucket heuristics
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Heuristic Evaluation 
Function
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Software & Competitions

 How to use the software
 http://graphmod.ics.uci.edu/group/Software
 http://mulcyber.toulouse.inra.fr/projects/toulbar2

 Reports on competitions
 UAI-2006, 2008, 2010 Competitions

 PE, MAR, MPE tasks
 CP-2006 Competition

 WCSP task
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Toulbar2 and aolib

 toulbar2
http://mulcyber.toulouse.inra.fr/gf/project/toulbar2

(Open source WCSP, MPE solver in C++)

 aolib
 http://graphmod.ics.uci.edu/group/Software

(WCSP, MPE, ILP solver in C++, inference and counting)

 Large set of benchmarks
http://carlit.toulouse.inra.fr/cgi-bin/awki.cgi/SoftCSP
http://graphmod.ics.uci.edu/group/Repository
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http://mulcyber.toulouse.inra.fr/gf/project/toulbar2
http://carlit.toulouse.inra.fr/cgi-bin/awki.cgi/SoftCSP
http://graphmod.ics.uci.edu/group/Repository


UAI-2006 Competition

 Team 1 (UCLA)
 David Allen, Mark Chavira, Arthur Choi, Adnan 

Darwiche

 Team 2 (IET)
 Masami Takikawa, Hans Dettmar, Francis Fung, 

Rick Kissh

 Team 5 (UCI)
 Radu Marinescu, Robert Mateescu, Rina Dechter
 Used AOBB-C+SMB(i) solver for MPE
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UAI-2006 Results

0%

10%

20%

30%

40%

50%

60%

70%

80%

90%

100%

R
a

n
k

 P
ro

p
o

rt
io

n
s

Team 1 Team 2 Team 5

Rank 1 Rank 2 Rank 3 Fail

Rank Proportions (how often was each team a particular rank, rank 1 is best)

118



UAI-2008 Competition
 AOBB-C+SMB(i) – (i = 18, 20, 22) 

 AND/OR Branch-and-Bound with pre-compiled mini-bucket heuristics (i-
bound), full caching, static pseudo-trees, constraint propagation

 AOBF-C+SMB(i) – (i = 18, 20, 22)
 AND/OR Best-First search with pre-compiled mini-bucket heuristics (i-

bound), full caching, static pseudo-trees, no constraint propagation

 Toulbar2
 OR Branch-and-Bound, dynamic variable/value orderings, EDAC 

consistency for binary and ternary cost functions, variable elimination of 
small degree (2) during search

 Toulbar2/BTD
 DFBB exploiting a tree decomposition (AND/OR), same search inside 

clusters as toulbar2, full caching (no cluster merging), combines RDS 
and EDAC, and caching lower bounds
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UAI-2008 Results
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UAI-2008 Results (contd.)
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UAI-2010 Competition
 Tasks

 PR: probability of evidence
 MAR: posterior marginals
 MPE: most probable explanation

 3 tracks: 20 sec, 20 min, 1 hour
 PR, MAR - 204 instances; MPE - 442 instances

 CSP, grids, image alignment, medical diagnosis, object 
detection, pedigree, protein folding, protein-protein 
interaction, relational model, segmentation

 Exact and approximate solvers
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UAI-2010 Results
 MAR task

 1st place (20 min, 1 hour) – (impl. by Vibhav Gogate)
 Anytime IJGP(i) with randomized orderings and SAT based domain 

pruning

 PR task
 1st place (20 min, 1 hour) – (impl. by Vibhav Gogate)
 Formula SampleSearch with IJGP(3) based importance distribution, 

w-cutset sampling, minisat based search, rejection control

 MPE task
 3rd place (all tracks) – (impl. by Lars Otten)
 AND/OR BnB with mini-buckets, randomized min-fill based pseudo 

tree, LDS based search for initial upper bound
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(Mateescu et al, JAIR2010), 
(Dechter et al, UAI2002)

(Gogate, Domingos and Dechter UAI2010)

(Marinescu and Dechter, AIJ2009),
(Otten and Dechter, ISAIM2010)
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