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Belief Updating

lung Cancer

Smoking

Bronchitis
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X-ray Dyspnoea

P (lung cancer=yes | smoking=no, dyspnoea=yes ) = ?



Probabilistic Inference Tasks

evidence)|xP(X)BEL(X iii ==

� Belief updating:

� Finding most probable explanation (MPE) 
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Belief updating is NP-hard

� Each sat formula can be mapped to a 
bayesian network query.

� Example: 
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� Example: 

� (u,~v,w) and (~u,~w,y) sat?



Motivation

� Given a chain show how it works

� How can we compute P(D)? P(D|A=0)?

� P(A|D=0)?
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� P(A|D=0)?

� Brute force O(k^4)

A DB C



Belief updating: P(X|evidence)=?

A

CB

P(a|e=0) ∝ P(a,e=0)=

∑ P(a)P(b|a)P(c|a)P(d|b,a)P(e|b,c)=
B C
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“Moral” graph

D E

∑
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Variable Elimination

P(c|a)∑
c
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Bucket elimination 
Algorithm elim-bel (Dechter 1996)

∑∏
b

Elimination operator

bucket  B: 

P(c|a)

P(b|a)   P(d|b,a)   P(e|b,c)

bucket  C: 

B

Ce)c,d,(a,h B
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P(a|e=0)

W*=4
”induced width” 
(max clique size)

P(a)

P(c|a)bucket  C: 

bucket  D:

bucket  E: 

bucket  A:

e=0

C

D

E

A

e)(a,h D

(a)h E

e)c,d,(a,h

e)d,(a,h C
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Complexity of elimination

))((exp ( * dwnO

ddw  ordering along graph moral of  widthinduced the)(* −

The effect of the ordering:
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Finding small induced-width

� NP-complete

� A tree has induced-width of ?

� Greedy algorithms:
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� Greedy algorithms:

� Min width

� Min induced-width

� Max-cardinality

� Fill-in (thought as the best)

� See anytime min-width (Gogate and Dechter)



Different Induced graphs
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The impact of observations
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Use the ancestral graph only



Bucket G:  P(G|F) 

Bucket F:  P(F|B,C) )(F
F

Gλ
P(G|F)
G

F

)(FF

Gλ

From Bucket elimination to 
bucket-tree elimination
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Bucket F:  P(F|B,C)

Bucket D: P(D|A,B)

Bucket C: P(C|A)

Bucket B: P(B|A)

Bucket A: P(A)
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u v

x1

x2

xn

Bucket-Tree propagation

h(u,v)
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Bucket G:  P(G|F)

Bucket F:  P(F|B,C)

Bucket D: P(D|A,B)

Bucket C: P(C|A)

Bucket B: P(B|A)

)(FF
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)(F
G
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),( CB
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),( BA
C
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)(A
B

A∏

BTE: full Execution
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Bucket A: P(A) )(A
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G,F G,F G,F

(A) (B) (C)

From buckets to superbucket 
to clusters
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(Cluster) Tree Decomposition
and elimination (CTE)

� A (cluster)-tree decomposition is a set of subsets of 
variables (clusters) connected by a tree structure: 
� 1. Every function (CPT)  has at least one cluster that 

contains its scope. The function is assigned to one such 
cluster. 
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cluster. 
� 2. The cluster-tree obeys the running intersection property.

� Proposition: If T is a cluster-tree decomposition, then any 
tree obtained by merging adjacent clusters (the variable set and 
the functions) is also a tree-decomposition.

� Join-Tree: a tree-decomposition where all clusters are maximal.



B

A

)p(b|a

)p(a

Tree Decomposition for belief updating
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G
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F

C D),| bap(c
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),| fbp(e
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B

A

)p(b|a

)p(a

Tree Decomposition

A B C

p(a), p(b|a), p(c|a,b)

B C D F

p(d|b), p(f|c,d)

BC
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G

E

F

C D),| bap(c

), dp(f|c

)P(d|b

),| fbp(e

), fp(g|e

p(d|b), p(f|c,d)

B E F
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E F G
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EF

BF



Tree decompositions
(more formal)

such that vertex oneexactly  is  therefunction each For  1.   

:satisfying 

and  sets,  twox each verte with gassociatin functions,

labeling are  and  and  treea is   where,,, triple

 a is network  belief afor  A 

Pp

Pψ(v)

Xχ(v)Vv

ψχ(V,E)TT
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A B C
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property)on intersecti (running subtree connected       
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Belief network Tree decomposition



u v

x1

x2

xn

Same Message Passing

h(u,v)
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A B C

p(a), p(b|a), p(c|a,b)

2

1

BC
),|()|()(),()2,1( bacpabpapcbh

a

⋅⋅=∑

B C D F

p(d|b), p(f|c,d)2
B C D F

p(d|b), h(1,2)(b,c), p(f|c,d)

B C D C D FC D F

p(d|b), h(1,2)(b,c)  p(f|c,d)p(f|c,d)

Cluster Tree Elimination

33

B E F

p(e|b,f)

E F G

p(g|e,f)

2

4
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A

p(d|b), p(f|c,d)2p(d|b), h(1,2)(b,c), p(f|c,d)

sep(2,3) = {B,F}

elim(2,3) = {C,D}

p(d|b), h(1,2)(b,c)  p(f|c,d)p(f|c,d)
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CTE: Cluster Tree Elimination
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Time: O ( exp(w+1 ))
Space: O ( exp(sep)) For each cluster P(X|e) is computed



Tree-Width & Separator
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Finding tree-decompositions

� Good Join-trees using triangulation

� Tree-width can be generated using 
induced-width ordering heuristics 
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induced-width ordering heuristics 



CTE - properties

� Correctness and completeness: Algorithm CTE is correct, i.e. it 
computes the exact joint probability of a single variable and the 
evidence.
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evidence.

� Time complexity: O ( deg × (n+N) × d w*+1 )

� Space complexity: O ( N × d sep)
where deg = the maximum degree of a node

n = number of variables (= number of CPTs)

N = number of nodes in the tree decomposition

d = the maximum domain size of a variable

w* = the induced width

sep = the separator size



P(X)
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Inference on trees is
easy and distributed
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P(Y|X) P(Z|X)

P(T|Y) P(R|Y) P(L|Z) P(M|Z)
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Belief updating =  sum-prod

Inference is time and space linear on trees



Pearl’s  Belief Propagation

1Z 2Z 3Z

1U 2U 3U
)|(

)(

11

11

uzP

uZ =λ
)( 22

uZλ )( 33
uZλ

A polytree: a tree with
Larger families

A polytree decomposition
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1X

1Y

A polytree decomposition

P(z1|u1)

P(z2|u2)
P(z3|u3)

P(u3)u1 P(u2)

P(X1|,u1,1,u2,u3

P(y1|x1)

Running CTE = running Pearl’s BP over the dual graph
Dual-graph: nodes are cpts, arcs connect non-empty
intersections.
Time and space linear propagatin



� Belief propagation is exact for poly-trees

� IBP - applying BP iteratively to cyclic 
networks

Iterative Belief Propagation – IBP
(Loopy belief propagation)
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� No guarantees for convergence

� Works well for many coding networks

One step:

update BEL(U1)

)( 11
uXλ

U1

)( 12
xUπ

)( 12
uXλ

)( 13
xUπ

U2 U3

X2X1
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∏
b

max
Elimination operator

bucket  B: P(b|a)   P(d|b,a)   P(e|b,c) B

Finding
Algorithm elim-mpe  (Dechter 1996)

)xP(maxMPE
x
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),|(),|()|()|()(max

by  replaced is              

,,,,
cbePbadPabPacPaPMPE

:

bcdea
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∑ max 
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MPE

W*=4
”induced width” 
(max clique size)

bucket  B: 

P(a)

P(c|a)

P(b|a)   P(d|b,a)   P(e|b,c)

bucket  C: 

bucket  D:

bucket  E: 

bucket  A:

e=0

B

C

D

E

A

e)(a,h D

(a)h E

e)c,d,(a,h B

e)d,(a,h C



Generating the MPE-tuple

C: 

P(b|a)   P(d|b,a)   P(e|b,c)B: 

P(c|a) e)c,d,(a,h B
)a'|P(cmax argc'   4.

c
×=

)c'b,|P(e')a'b,|P(d'

)a'|P(bmax argb'  5.
b

××

×=
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C: 

E: 

D:

A: P(a)

P(c|a)

e=0 e)(a,h D

(a)hE

e)d,(a,hC

(a)hP(a)max arga'  1. E

a
⋅=

0e'  2. =

)e'd,,(a'hmax argd'   3. C

d
=

)e'c,,d',(a'h B
c

×       

)e',d',c',b',(a'   Return
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Conditioning generates 
the probability tree

∑∑∑∑
=

==
0

),|(),|()|()|()()0,(
ebcb

cbePbadPacPabPaPeaP
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Complexity of conditioning: exponential time, linear space



Conditioning+Elimination

∑∑∑∑
=

==
0

),|(),|()|()|()()0,(
edcb

cbePbadPacPabPaPeaP
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Idea: conditioning until        of a (sub)problem gets small*w
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Loop-cutset decomposition

� You condition until you get a polytree

A A=0

A=0 A=1
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B

CB

F

A

B

CB

F

A=0 A=0 A=0

B

CB

F

A=1 A=1 A=1

P(B|F=0) = P(B, A=0|F=0)+P(B,A=1|F=0)

Loop-cutset method is time exp in loop-cutset size
And linear space



W-cutset algorithms

� Elim-cond-bel:

� Identify a w-cutset, C_w,  of the network

� For each assignment to the cutset solve by 
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� For each assignment to the cutset solve by 
CTE the conditioned subproblems

� Aggregate the solutions over all cutset 
assignments.

� Time complexity: exp(|C_w|+w)

� Space complexity: exp(w)



All algorithms genaralize to 
any graphical models

� Through general operations of 
combination and marginalization

� General BE, BTE, CTE, BP

53

� General BE, BTE, CTE, BP

� Applicable to Markov networks, to 
constraint optimization, to counting 
number of solutions in a SAT formula, 
etc.



Tree-solving
Belief updating 

(sum-prod)

CSP – consistency 

(projection-join)

P(X)

)( XmZX

)( XmXZ

)( XmYX

)( XmXY
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MPE (max-prod) #CSP (sum-prod)

P(Y|X) P(Z|X)

P(T|Y) P(R|Y) P(L|Z) P(M|Z)

)(ZmZM)(Zm ZL

)(ZmMZ)(Zm LZ)(YmTY

)(YmYT

)(Ym RY

)(YmYR

Inference is time and space linear on trees



� A graphical model  (X,D,F):
� X = {X1,…Xn} variables

� D = {D1, … Dn} domains

� F = {f1,…,fr} functions
(constraints, CPTS, CNFs …)

Graphical Models

)(   :   CAFfi +==

A F

A C F P(F|A,C)

0 0 0 0.14

0 0 1 0.96

0 1 0 0.40

0 1 1 0.60

1 0 0 0.35

1 0 1 0.65

1 1 0 0.72

1 1 1 0.68

Conditional Probability
Table (CPT)

A C F

red green blue

blue red red

blue blue green

green red blue

Relation
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(constraints, CPTS, CNFs …)

� Operators:
� combination 

� elimination (projection)

� Tasks:
� Belief updating: ΣX-y ∏j Pi 

� MPE: maxX ∏j Pj

� CSP: ∏X ×j Cj

� Max-CSP: minX Σj Fj

D

B
C

E

� All these tasks are NP-hard
� exploit problem structure
� identify special cases
� approximate

Primal graph
(interaction graph)
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Let P=<X,D,F,⊗,⇓,{Zi}> be an automated reasoning 
problem. A tree decomposition is <T,χ,ψ>, such that

�T=(V,E) is a tree
�χ associates a set of variables χ(v)⊆X with each node

Cluster-Tree Decomposition
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�χ associates a set of variables χ(v)⊆X with each node
�ψ associates a set of functions ψ(v)⊆F with each node

such that

�∀fi∈F, there is exactly one v such that fi∈ψ(v) and 
scope(fi)⊆χ(v).
�∀x∈X, the set {v∈V|x⊆χ(v)} induces a connected subtree.
�∀i Zi ⊆χ(v) for some v∈V.



Example: Cluster-Tree
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Cij = Xi ≠ Xj
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3

1

26 5

(a)

4

Tree-width = 3

sep(5,6) = {1, 5}



Cluster-Tree Elimination (CTE)

m(u,w) = ⇓sep(u,w) [⊗j {m(vj,u)
} ⊗ ψ(u)]
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...
m(v1,u)

m(v2,u)
m(vi,u)

χ(u)
ψ(u)



Example: Cluster-Tree Elimination
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